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On the arithmetic properties of complex values
of Hecke-Mahler series I. The rank one case

FEDERICO PELLARIN

Abstract. Here we characterise, in a complete and explicit way, the relations of
algebraic dependence over Q of complex values of Hecke-Mahler series taken at
algebraic points u1, . . . , um of the multiplicative group G2

m(C), under a technical
hypothesis that a certain sub-module of G2

m(C) generated by the ui ’s has rank
one (rank one hypothesis). This is the first part of a work, announced in [Pel1],
whose main objective is completely to solve a general problem on the algebraic
independence of values of these series.
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1. Introduction, results

Let w be a real irrational positive number. The Hecke-Mahler series associated to
w is the power series:

fw(u, v) =
∞∑

l=1

[lw]∑
h=1

ulvh,

where the square brackets denote the greatest integer part.1 On the domain

D = {(u, v) ∈ C2 with |u| < 1 and |u||v|w < 1},
this series converges to a function which is transcendental over C(u, v) (cf. [Ni,
page 43]). Throughout this text, convergence means absolute convergence.

Let us consider an m-tuple of couples of non-zero complex numbers

M = ((u1, v1), . . . , (um, vm)) = (u1, . . . , um)

such that |ui | < 1 and |ui ||vi |w < 1 (1 ≤ i ≤ m).

1 If lw < 1, we adopt the convention that the sum
∑[lw]

h=1 ulvh is zero. Throughout this text, if a
sum or a series has the empty set ∅ as set of indices, by convention it is equal to zero.
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