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On isometries of the Carathéodory and
Kobayashi metrics on strongly pseudoconvex domains

HARISH SESHADRI AND KAUSHAL VERMA

Abstract. Let �1 and �2 be strongly pseudoconvex domains in C
n and f :

�1 → �2 an isometry for the Kobayashi or Carathéodory metrics. Suppose that
f extends as a C1 map to �̄1. We then prove that f |∂�1 : ∂�1 → ∂�2 is a CR
or anti-CR diffeomorphism. It follows that �1 and �2 must be biholomorphic or
anti-biholomorphic.
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1. Introduction

Complex Finsler metrics such as the Carathéodory and Kobayashi [14] metrics and
Kähler metrics such as the Bergman and Cheng-Yau Kähler-Einstein metrics [5]
have proved to be very useful in the study functions of several complex variables.
Since biholomorphic mappings are isometries for these metrics, they are referred to
as ‘intrinsic’.

This work is motivated by the question of whether (anti)-biholomorphic map-
pings are the only isometries for these metrics, i.e., is any isometry f : �1 → �2
between two domains �1 and �2 in Cn (on which the appropriate intrinsic metrics
are non-degenerate) holomorphic or anti-holomorphic?

To be more precise by what we mean by an isometry, let F� and d� denote an
intrinsic Finsler metric and the induced distance on a domain �. In this paper by
a C0-isometry we mean a distance-preserving bijection between the metric spaces
(�1, d�1) and (�2, d�2). For k ≥ 1, a Ck-isometry is a Ck-diffeomorphism f
from �1 to �2 with f ∗(F�2) = F�1 . A Ck-isometry, k ≥ 1, is a C0-isometry and
if the Finsler metric comes from a smooth Riemannian metric (as is the case with
the Bergman and the Cheng-Yau metrics), the converse is also true by a classical
theorem of Myers and Steenrod.
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