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Bounds for double zeta-functions

ISAO KIUCHI AND YOSHIO TANIGAWA

Abstract. In this paper we shall derive the order of magnitude for the double
zeta-function of Euler-Zagier type in the region 0 ≤ �s j < 1 ( j = 1, 2). First
we prepare the Euler-Maclaurin summation formula in a suitable form for our
purpose, and then we apply the theory of double exponential sums of van der
Corput’s type.

Mathematics Subject Classification (2000): 11L07 (primary); 11M41 (second-
ary).

1. Introduction

Let s j = σ j + i t j ( j = 1, 2, . . . , r) be complex variables. The r -ple zeta-function
of Euler-Zagier type is defined by

ζr (s1, . . . , sr ) =
∑

1≤n1<···<nr

1

ns1
1 · · · nsr

r
,

which is absolutely convergent for σr > 1, σr + σr−1 > 2, . . . , σr + · · · + σ1 > r .
The function ζr has many applications to mathematical physics. In particular, alge-
braic relations among the values of ζr at positive integers have been studied exten-
sively [14]. As a function of the complex variables s j , the analytic continuation of
ζr has been dealt already. For r = 2, this problem was studied by F. V. Atkinson
[3] in his research on the mean value formula of the Riemann zeta-function. For
general r , the analytic continuation was proved by S. Akiyama, S. Egami and Y.
Tanigawa [1] and J. Q. Zhao [17] independently, and later by K. Matsumoto [13].
The values at negative integers were considered in [2].

On the other hand, the order of magnitude of the zeta-function on some vertical
line plays an important role in the theory of zeta-functions, e.g. it is used for the
estimation of the sum of arithmetical functions (see below). The aim of this paper
is to study such a problem for the double zeta-function of Euler-Zagier type:

ζ2(s1, s2) =
∑

1≤m<n
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. (1.1)
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