
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (5)
Vol. VI (2007), 1-13

Hamilton-Jacobi flows and characterization of solutions of
Aronsson equations

PETRI JUUTINEN AND EERO SAKSMAN

Abstract. In this note, we verify the conjecture of Barron, Evans and Jensen [3]
regarding the characterization of viscosity solutions of general Aronsson equa-
tions in terms of the properties of associated forward and backwards Hamilton-
Jacobi flows. A special case of this result is analogous to the characterization of
infinity harmonic functions in terms of convexity and concavity of the functions
r �→ maxy∈Br (x) u(y) and r �→ miny∈Br (x) u(y), respectively.
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1. Introduction

The problem of minimizing the supremum functional

S(u, �) = ess sup
x∈�

H(Du(x))

has as an Euler-Lagrange equation the so-called Aronsson equation

AH [u] :=
n∑

i, j=1

Hpi (Du)Hp j (Du)ui j = (
D2u DH(Du)

) · DH(Du) = 0, (1.1)

see [4, 6]. Here, and throughout the paper, we assume that the Hamiltonian H :
R

n → R satisfies the following conditions:

(i) H ∈ C2(Rn \ {0}) ∩ C1(Rn), H(0) = 0 and H(p) ≥ 0 for all p ∈ R
n ,

(ii) H is convex and locally uniformly convex outside origin, i.e. for any compact
K ⊂ R

n \ {0} there exists a constant c = c(K ) > 0 such that

1

2

(
H(p) + H(p′)

) ≥ H

(
p + p′

2

)
+ c

2
|p − p′|2

for all p, p′ ∈ K .
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