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Holomorphic line bundles and divisors
on a domain of a Stein manifold
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Abstract. Let D be an open set of a Stein manifold X of dimension n such that
Hk(D, O ) = 0 for 2 ≤ k ≤ n − 1. We prove that D is Stein if and only if
every topologically trivial holomorphic line bundle L on D is associated to some
Cartier divisor d on D.
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1. Introduction

For every holomorphic line bundle L on a reduced Stein space X there exists a
global holomorphic section σ ∈ �(X,O (L)) such that the zero set {σ = 0} is
nowhere dense in X . Therefore L is associated to the positive Cartier divisor div(σ )

on X (see Gunning [9, pages 122–125]).
Conversely the author [1, Theorem 3] proved that an open set D of a Stein

manifold X of dimension two is Stein if every holomorphic line bundle L on D
is associated to some (not necessarily positive) Cartier divisor d on D. Moreover
Ballico [4, Theorem 1] proved that an open set D of a Stein manifold X of dimen-
sion more than two of the form D = {ϕ < c}, where ϕ : X → R is a weakly
2-convex function of class C 2 in the sense of Andreotti-Grauert, is Stein if every
holomorphic line bundle L on D is associated to some Cartier divisor d on D.

In this paper we prove that an open set D of a Stein manifold X of dimen-
sion n such that Hk(D,O ) = 0 for 2 ≤ k ≤ n − 1 is Stein if every topologi-
cally trivial holomorphic line bundle L on D is associated to some Cartier divisor
d on D (see Theorem 4.3). This generalizes both results above (see Corollaries 4.4
and 4.5).

The proof is by induction on n = dim X and the induction hypothesis is
applied to the complex subspace

(
Y,

(
O X/ f O X

) |Y
)
, where f ∈ O X (X) and
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