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Persistence of Coron’s solution in nearly critical problems

MONICA MUSSO AND ANGELA PISTOIA

Abstract. We consider the problem
−�u = u

N+2
N−2 +λ in � \ εω,

u > 0 in � \ εω,

u = 0 on ∂ (� \ εω) ,

where � and ω are smooth bounded domains in R
N , N ≥ 3, ε > 0 and λ ∈ R.

We prove that if the size of the hole ε goes to zero and if, simultaneously, the
parameter λ goes to zero at the appropriate rate, then the problem has a solution
which blows up at the origin.

Mathematics Subject Classification (2000):35J60 (primary); 35J25 (secondary).

1. Introduction

In this paper we are interested in the following problem
−�u = u

N+2
N−2 +λ in D,

u > 0 in D,

u = 0 on ∂ D,

(1.1)

where D is a smooth bounded domain in R
N , N ≥ 3 and λ is a real parameter. The

exponent N+2
N−2 is the so called critical Sobolev exponent for the Sobolev embedding

H1
0 (�) ↪→ L

2N
N−2 (�).

It is well known that if λ < 0, namely in the sub-critical regime, problem
(1.1) has at least one solution for any domain D. In the last decades, several results
on multiplicity and qualitative behavior of solutions to (1.1) in the slightly sub-
critical regime, namely when λ → 0−, have been obtained. We refer the readers
for example to [4, 15, 23, 25].

When λ = 0 or when λ > 0 solvability of (1.1) is a much more delicate issue
and depends strongly on the geometry of the domain D. Indeed if λ ≥ 0 and D is
starshaped, then Pohozaev’s identity [22] shows that problem (1.1) has no solution.
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