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Quasi-lines and their degenerations

LAURENT BONAVERO AND ANDREAS HÖRING

Abstract. In this paper we study the structure of manifolds that contain a quasi-
line and give some evidence towards the fact that the irreducible components
of degenerations of the quasi-line should determine the Mori cone. We show that
the minimality with respect to a quasi-line yields strong restrictions on fibre space
structures of the manifold.
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1. Introduction

Let X be a complex quasiprojective manifold of dimension n. A quasi-line l in X
is a smooth rational curve f : P1 ↪→ X such that f ∗TX is the same as for a line in
Pn , i.e. is isomorphic to

OP1(2) ⊕ OP1(1)⊕n−1.

Although the terminology suggests that quasi-lines are very special objects, we will
see that they appear in a lot of situations.

Examples 1.1.

(1) If X is a smooth Fano threefold of index 2 with Pic(X) = ZH , where H is very
ample, then a general conic C (i.e. a curve satisfying H · C = 2) is a quasi-line
(Oxbury [20], see also Bădescu, Beltrametti and Ionescu [3]).

(2) If X is rationally connected, then there exists a sequence X ′ → X of blow-ups
along smooth codimension 2 centres such that X ′ contains a quasi-line (Ionescu
and Naie [11]).

(3) If X contains a quasi-line l, let π : X ′ → X be a blow-up of X along a smooth
subvariety Z . A general deformation of l does not meet Z , so it identifies to a
quasi-line in X ′.
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