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On the Hessian of the optimal transport potential

STEFÁN INGI VALDIMARSSON

Abstract. We study the optimal solution of the Monge-Kantorovich mass trans-
port problem between measures whose density functions are convolution with a
gaussian measure and a log-concave perturbation of a different gaussian measure.
Under certain conditions we prove bounds for the Hessian of the optimal transport
potential. This extends and generalises a result of Caffarelli.
We also show how this result fits into the scheme of Barthe to prove Brascamp-
Lieb inequalities and thus prove a new generalised Reverse Brascamp-Lieb in-
equality.
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1. Introduction

In this note we prove a generalisation of a theorem of Caffarelli from [6] and in-
dicate how it applies to the methods which Barthe has used in [2] to work with
Brascamp–Lieb inequalities.

To set things up, suppose we have given two positive measures, µ f and µg ,
on R

n which are absolutely continuous with respect to the Lebesgue measure and
whose density functions are f and g respectively. Suppose further that the measures
have finite second-order moments and equal (finite) mass.

Then it is a well-known theorem of Brenier, see [4,5] and the book [11], which
asserts that there exists a unique positive measure π on R

n×R
n which has marginals

µ f and µg such that π is a minimiser for

I [π ] :=
∫

Rn×Rn
|x − y|2 dπ(x, y)

over all measures on R
n × R

n with these marginals. Furthermore, π has the form
π = (Id × ∇φ)�µ f where � denotes the push-forward and ∇φ is a uniquely
determined gradient of a convex function which pushes µ f forward to µg , i.e.
∇φ�µ f = µg . We call φ the optimal transportation potential.
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