
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (5)
Vol. VI (2007), 477-498

Extensions of the Cugiani-Mahler theorem

YANN BUGEAUD

Abstract. In 1955, Roth established that if ξ is an irrational number such that
there are a positive real number ε and infinitely many rational numbers p/q with
q ≥ 1 and |ξ − p/q| < q−2−ε , then ξ is transcendental. A few years later,
Cugiani obtained the same conclusion with ε replaced by a function q �→ ε(q)
that decreases very slowly to zero, provided that the sequence of rational solu-
tions to |ξ − p/q| < q−2−ε(q) is sufficiently dense, in a suitable sense. We give
an alternative, and much simpler, proof of Cugiani’s Theorem and extend it to
simultaneous approximation.

Mathematics Subject Classification (2000): 11J68.

1. Introduction

In 1955, Roth [26] established that, like almost all real numbers (throughout the
present paper, ‘almost all’ refers to the Lebesgue measure), an algebraic irrational
number cannot be approximated by rationals at an order greater than 2.

Theorem 1.1 (Roth, 1955). Let ξ be an irrational, algebraic real number. Let ε be
a positive real number. Then there are only finitely many rational numbers p/q with
q ≥ 1 such that ∣∣∣∣ξ − p

q

∣∣∣∣ <
1

q2+ε
· (1.1)

As pointed out by Mahler in Appendix B of [21], Roth’s theorem suggests the fol-
lowing problem.

Problem 1.2. Let ξ be an irrational, algebraic real number. To find a positive func-
tion q �→ ε(q) of the integral variable q, with the property

lim
q→+∞ ε(q) = 0,

such that there are at most finitely many distinct rational numbers p/q with positive
denominator for which ∣∣∣∣ξ − p

q

∣∣∣∣ <
1

q2+ε(q)
· (1.2)
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