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Convex integration and the L p theory of elliptic equations

KARI ASTALA, DANIEL FARACO AND LÁSZLÓ SZÉKELYHIDI JR.

Abstract. This paper deals with the L p theory of linear elliptic partial differential
equations with bounded measurable coefficients. We construct in two dimensions
examples of weak and so-called very weak solutions, with critical integrability
properties, both to isotropic equations and to equations in non-divergence form.
These examples show that the general L p theory, developed in [1, 24] and [2],
cannot be extended under any restriction on the essential range of the coeffi-
cients. Our constructions are based on the method of convex integration, as used
by S. Müller and V. Šverák in [30] for the construction of counterexamples to reg-
ularity in elliptic systems, combined with the staircase type laminates introduced
in [15].
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1. Introduction

In the theory of the elliptic partial differential equations with bounded measurable
coefficients the solutions are initially assumed to have square summable derivatives;
for equations of non-divergence form the assumptions concern the second deriva-
tives. As is well known (see [6, 7] and [26]), there is a range of exponents beyond
p = 2 such that the derivatives are, in fact, L p-integrable. Recent developments
in the theory of planar quasiconformal mappings, in particular the area distortion
theorem obtained by the first author in [1] and the invertibility of Beltrami operators
proved in [4], have in two dimensions provided the precise range for these critical
exponents, see [2, 24] and Theorems 1.1 and 1.5 below. For more information see
also the monograph [3]. These ranges of exponents depend only on the ellipticity
constants of the equation.

It is a natural question to ask if restricting the range of the coefficients could
yield higher integrability for the gradients of the solutions. A basic result pointing in
this direction is the work of L. C. Piccinini and S. Spagnolo [35]. There it is shown
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