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Intersecting a plane with algebraic subgroups
of multiplicative groups
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Abstract. Consider an arbitrary algebraic curve defined over the field of all alge-
braic numbers and sitting in a multiplicative commutative algebraic group. In an
earlier article from 1999 bearing almost the same title, we studied the intersection
of the curve and the union of all algebraic subgroups of some fixed codimension.
With codimension one the resulting set has bounded height properties, and with
codimension two it has finiteness properties. The main aim of the present work
is to make a start on such problems in higher dimension by proving the natural
analogues for a linear surface (with codimensions two and three). These are in
accordance with some general conjectures that we have recently proposed else-
where.
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1. Introduction

For n ≥ 1 let X be a variety lying in affine n-space with coordinates x1, . . . , xn .
We suppose that none of these vanishes identically on X ; thus we can think of X
as a quasi-affine subset of the group variety Gn

m defined by the non-vanishing of the
coordinates. In this paper we are interested in the intersection of X with varying
algebraic subgroups of Gn

m restricted only by dimension. Recall that every such
subgroup is defined by monomial equations xa1

1 · · · xan
n = 1, and its dimension is

n − r , where r is the rank of the subgroup of Zn generated by the exponent vectors
(a1, . . . , an).

In [4] we studied such intersections when X = C is an irreducible curve de-
fined over the field Q of algebraic numbers, and we obtained two results: the first
about the boundedness of the absolute height on the set, and the second about the
finiteness of the set. In this paper we make a modest start on the case of surfaces
X = S by proving the analogous results for planes X = P . These are in accor-
dance with the Bounded Height Conjecture and the Torsion Finiteness Conjecture
for general X made in [7].
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