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Diophantine triples with values in binary recurrences

CLEMENS FUCHS, FLORIAN LUCA AND LASZLO SZALAY

Abstract. In this paper, we study triples a, b and c of distinct positive integers
such that ab + 1, ac + 1 and bc + 1 are all three members of the same binary
recurrence sequence.
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1. Introduction

A Diophantine m-tuple is a set {a1, . . . , am} of positive integers such that ai a j + 1
is a perfect square (i.e. a square of a number in Z) for all 1 ≤ i < j ≤ m. Find-
ing such sets was already investigated by Diophantus and he found the rational
quadruple {1/16, 33/16, 68/16, 105/16}. The first quadruple in integers, the set
{1, 3, 8, 120}, was found by Fermat. Infinitely many Diophantine quadruples are
known and it is conjectured that there is no Diophantine quintuple. This was almost
proved by Dujella [7], who showed that there can be at most finitely many Diophan-
tine quintuples and all of them are, at least in theory, effectively computable. Sev-
eral variants of this problem have been studied in the past. For example, Bugeaud
and Dujella [2], proved upper bounds for the size m of sets of positive integers with
the property that the product of any two distinct elements plus one is a perfect k-th
power for fixed k, namely m is bounded by 7 for k = 3, by 5 for k = 4, by 4 for
5 ≤ k ≤ 176, and by 3 for k ≥ 177. Another variant studied previously is con-
cerned with perfect powers instead of squares or k-th powers for fixed k. The second
author proved that the abc-conjecture implies that the size of such sets is bounded
by an absolute constant, whereas unconditionally there are bounds depending on
the largest element in the set (see [14] and the papers cited therein). For further
results on Diophantine m-tuples and its variants, we refer to [8].

In this paper, we treat another variant of this problem. Let r and s be nonzero
integers such that � = r2 + 4s �= 0. Let (un)n≥0 be a binary recurrence sequence
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