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Multiplicity results for the prescribed
scalar curvature on low spheres
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Abstract. In this paper, we consider the problem of multiplicity of conformal
metrics of prescribed scalar curvature on standard spheres S3, S4. Under generic
conditions we establish some Morse Inequalities at Infinity, which give a lower
bound on the number of solutions to the above problem in terms of the total
contribution of its critical points at Infinity to the difference of topology between
the level sets of the associated Euler-Lagrange functional. As a by-product of our
arguments we derive a new existence result on S4 through an Euler-Hopf type
formula.
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1. Introduction and main results

The prescribed scalar curvature problem on closed riemannian manifolds amounts
to find a positive smooth solution to the following equation:

(SC) − cn �gu + Rg u = K u(n+2)/(n−2), u > 0 in M

where �g is the Laplace Beltrami operator, Rg denotes the scalar curvature and
K : M → R is a given function on the manifold. To this problem many papers
have been devoted (see [2–4, 6, 8–10, 12, 14, 15, 18, 19, 21–25, 27, 28, 30, 31, 36–38]
and the references therein).

The special case where the manifold is a sphere endowed with its standard
metric deserves particular attention. Indeed due to Kazdan-Warner obstructions,
conditions have to be imposed on the function K to insure the existence.

In this paper we revisit the case of 3 and 4-dimensional standard spheres in
order to give, under generic conditions, some multiplicity results.

To state our results we set up following conditions and notation.
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