
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (5)
Vol. VII (2008), 741-791

Bernstein and De Giorgi type problems:
new results via a geometric approach
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Abstract. We use a Poincaré type formula and level set analysis to detect one-
dimensional symmetry of stable solutions of possibly degenerate or singular el-
liptic equations of the form

div
(

a(|∇u(x)|)∇u(x)
)

+ f (u(x)) = 0.

Our setting is very general and, as particular cases, we obtain new proofs of a
conjecture of De Giorgi for phase transitions in R

2 and R
3 and of the Bernstein

problem on the flatness of minimal area graphs in R
3. A one-dimensional sym-

metry result in the half-space is also obtained as a byproduct of our analysis. Our
approach is also flexible to very degenerate operators: as an application, we prove
one-dimensional symmetry for 1-Laplacian type operators.
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1. Introduction

Of concern is a class of quasilinear (possibly singular or degenerate) elliptic equa-
tions in R

N with N = 2, 3. We prove one-dimensional symmetry of the solutions,
thus showing that the important results of [1–3,7,17] hold in a more general setting.
The results we present are new even in the semilinear case, when the differential op-
erator reduces to the standard Laplacian, since the nonlinearity we deal with may
be less regular than what the previous literature requires.

The techniques used are novel and they are mainly based on a geometric for-
mula, inspired by the work of [26, 27], which bounds tangential gradients and cur-
vatures of level sets of stable solutions in terms of suitable energy, or area, integrals.

As a by-product, we obtain a new result on mean curvature type operators
which extends the Bernstein Theorem in [4] to a more general setting and to possi-
bly non-homogeneous equations.
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