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Stability estimates for certain Faber-Krahn,
isocapacitary and Cheeger inequalities
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Abstract. The first eigenvalue of the p-Laplacian on an open set of given mea-
sure attains its minimum value if and only if the set is a ball. We provide a
quantitative version of this statement by an argument that can be easily adapted
to treat also certain isocapacitary and Cheeger inequalities.
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1. Introduction and statements

1.1. The first eigenvalue of the p-Laplacian

It was shown by Faber [11] and Krahn [21] that the first eigenvalue of the Laplacian
on a bounded open set � ⊂ R2 of given area attains its minimum value if and only
if � is a disk. The popularity of this classical result is due in part to its simple, yet
interesting, physical interpretation. Indeed, the aforementioned eigenvalue models
the principal tone, i.e. the lowest frequency of free vibration, of a membrane of
shape �. The Faber-Krahn result states that the gravest principal tone is obtained
in the case of a circular membrane, as conjectured by Lord Rayleigh back to 1877
in his treatise “The theory of sound” [29].

Regardless possible physical motivations, the above result was soon general-
ized to arbitrary dimension n ≥ 2 by Krahn [22]. Yet another extension is valid,
namely the Laplacian can be replaced by the p-Laplacian, for any p ∈ (1, ∞).
With modern tools at disposal, such as the theory of radially symmetric decreasing
rearrangements, it is rather easy to justify these results.

To be more precise, given an open set � ⊂ Rn with finite measure, the first
eigenvalue of the p-Laplacian on � can be defined via a variational problem as

λp(�) := inf
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�
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∫
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.
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