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Teichmüller space via Kuranishi families

ENRICO ARBARELLO AND MAURIZIO CORNALBA

Abstract. In this partly expository note we construct Teichmüller space by
patching together Kuranishi families. We also discuss the basic properties of Te-
ichmüller space, and in particular show that our construction leads to simplifica-
tions in the proof of Teichmüller’s theorem asserting that the genus g Teichmüller
space is homeomorphic to a (6g − 6)-dimensional ball.
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1. Introduction

Our main goal, in this partly expository note, is to show how the genus g Te-
ichmüller space Tg and the universal family over it can be constructed by patch-
ing together Kuranishi families of genus g curves. This approach, which is close in
spirit to the one of Grothendieck [20,21], should appeal in particular to readers with
an algebro-geometric background, as it relies mostly on standard tools and methods
of their trade. In fact, the main objects we use are the Kuranishi families of smooth
genus g curves, whose construction and properties can be derived quite directly
from the theory of the Hilbert scheme. Our point of view seems to have several ad-
vantages over more traditional ones. First of all, Teichmüller space is constructed
directly as a complex manifold, and the construction makes it obvious that it enjoys
a natural universal property. Secondly, it is very easy to show that the action of the
Teichmüller modular group on Tg is properly discontinuous. Finally, our presen-
tation provides a shortcut to the proof of Teichmüller’s theorem, which states that
Tg is homeomorphic to a (6g − 6)-dimensional ball Bg . In fact, we show that the
universal property of the Kuranishi family holds not only with respect to analytic
deformations, but also with respect to continuous ones, and observe that this imme-
diately proves that the Teichmüller map � : Bg → Tg is continuous. This first step
eliminates some of the technicalities involved in the usual proof of Teichmüller’s
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