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Geometry of invariant domains in complex semi-simple Lie groups

CHRISTIAN MIEBACH

Abstract. We investigate the joint action of two real forms of a semi-simple
complex Lie group UC by left and right multiplication. After analyzing the orbit
structure, we study the CR structure of closed orbits. The main results are an ex-
plicit formula of the Levi form of closed orbits and the determination of the Levi
cone of generic orbits. Finally, we apply these results to prove q-completeness of
certain invariant domains in UC .
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1. Introduction

Let UC be a connected semi-simple complex Lie group with compact real form U
which is given by the Cartan involution θ . Let us assume that there are two anti-
holomorphic involutive automorphisms σ1 and σ2 of UC which both commute with
θ and let G j = Fix(σ j ), j = 1, 2, be the corresponding real forms of UC. The
group G1 × G2 acts on UC by (g1, g2) · z := g1zg−1

2 . In this paper we investigate
complex-analytic properties of certain (G1 × G2)-invariant domains in UC through
the intrinsic Levi form of closed (G1 × G2)-orbits.

If σ1 = σ2 = θ , then we discuss the (U × U )-action on UC by left and right
multiplication. If t is a maximal torus in u, then every (U × U )-orbit intersects the
set exp(it) in an orbit of the Weyl group W := NU (t)/ZU (t). In [18] Lassalle
showed that every bi-invariant domain � ⊂ UC is of the form U exp(iω)U for a
W -invariant domain ω ⊂ t and that � is a domain of holomorphy if and only if ω is
convex. In [2] Azad and Loeb proved the stronger statement that a (U×U )-invariant
function � on � is plurisubharmonic if and only if the W -invariant function

ϕ : t → R, ϕ(η) := �
(
exp(iη)

)
,

is convex.
In the case that σ1 = σ2 and G1 = G2 =: G is of Hermitian type, there is a dis-

tinguished (G × G)-invariant in UC = GC, namely the open complex Ol’shanskiı̆
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