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A priori estimates in L∞
for non-diagonal perturbed quasilinear systems

STEFAN KRÖMER

Abstract. We present a way to derive a priori estimates in L∞ for a class of
quasilinear systems containing examples with a leading part which is neither di-
agonal nor of Uhlenbeck type. Moreover, a perturbation term with natural growth
in first order derivatives is allowed.
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1. Introduction

We obtain a priori estimates in L∞ for solutions of the Dirichlet problem for a class
of quasilinear systems of second order, a prototype of which is

− div Q j (∇u) + |∇u|p (Ru) j + f j (x) = 0 in � for j = 1, . . . , M,

u = 0 on ∂�.
(1.1)

Here f = ( f 1, . . . , f M ) ∈ Lq(�; R
M ) with q > N/p and R ∈ R

M×M non-
negative definite are fixed, � ⊂ R

N is a bounded domain, and u = (u1, . . . , uM ) :
� → R

M . A simple example for admissible Q is the vector p-Laplacian in the
form Q j (∇u) = |∇u|p−2 ∇u j for some 1 < p < ∞, but the results presented
here are also applicable for a (slightly) more general class containing leading parts
which are not of Uhlenbeck type.

Concerning the existence of (weak) solutions of the Dirichlet problem for this
system, a key feature of the second term (henceforth called “the perturbation”) is its
so–called natural growth with respect to ∇u, which should be seen in comparison
with the growth of the leading part. There is a well established and fairly complete
theory for the existence of weak solutions for scalar equations (M = 1) of this type,
for instance see [1,2,9,12,16] and the monographs [4] and [17]. The main structural
assumption employed in that context is a sign condition on the perturbation, R ≥ 0
in our example. This condition also contributes to obtaining a priori estimates in
W 1,p. While these estimates easily extend to systems, basically just using that the
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