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The conjugate linearized Ricci flow on closed 3-manifolds
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with an appendix by Stefano Romano

Abstract. We characterize the conjugate linearized Ricci flow and the associated
backward heat kernel on closed three-manifolds of bounded geometry. We dis-
cuss their properties, and introduce the notion of Ricci flow conjugated constraint
sets which characterizes a way of Ricci flow averaging metric dependent geomet-
rical data. We also provide an integral representation of the Ricci flow metric
itself and of its Ricci tensor in terms of the heat kernel of the conjugate linearized
Ricci flow. These results, which readily extend to closed n-dimensional mani-
folds, yield various conservation laws, monotonicity and asymptotic formulas for
the Ricci flow and its linearization.
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1. Introduction

Hamilton’s Ricci flow [37] is the weakly-parabolic geometric evolution equation
obtained by deforming a Riemannian metric gab, on a smooth n-manifold �, in
the direction of its Ricci tensor Rab [3, 18, 37, 39, 40]. The geometrical and ana-
lytical properties featuring in this natural geometric flow have eventually lead to
a remarkable proof, due to G. Perelman [49–51], of Thurston’s geometrization
program for three-manifolds [56, 57]. This is a result of vast potential use also
in theoretical physics, where the Ricci flow often appears in disguise as a natu-
ral real-space renormalization group flow. Non-linear σ -model theory, describing
quantum strings propagating in a background spacetime, affords the standard case
study [5, 6, 26, 45, 48]. Paradigmatical applications occur also in relativistic cos-
mology [14, 15] (for a series of recent results see also [8, 9, 12] and the references
cited therein). An important role both in Ricci flow theory, as well as in its physi-
cal applications, is played by its formal linearization around a given Ricci evolving
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