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Existence of weak solutions for unsteady
motions of generalized Newtonian fluids

LARS DIENING, MICHAEL RŮŽIČKA AND JÖRG WOLF

Abstract. We prove the existence of weak solutions u : QT → R
n of the equa-

tions of unsteady motion of an incompressible fluid with shear-dependent viscos-
ity in a cylinder QT = � × (0, T ), where � ⊂ R

n denotes a bounded domain.
Under the assumption that the extra stress tensor S possesses a q-structure with

q > 2n
n+2 , we are able to construct a weak solution u ∈ Lq (0, T ; W 1,q

0 (�)) ∩
Cw([0, T ]; L2(�)) with div u = 0. Our approach is based on the Lipschitz trun-
cation method, which is new in this context.
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1. Introduction. Statement of the main result

Let � ⊂ Rn , n ≥ 2, be a bounded domain. For 0 < T < ∞ we set QT :=
�×(0, T ). The isothermal motion of a homogeneous, incompressible fluid through
� is governed by the balance equations for linear momentum and mass, which read1

ρ ∂t u + ρ div(u ⊗ u) − div S + ∇ p = ρf in QT , (1.1)

div u = 0 in QT , (1.2)

where u = (u1, . . . , un) is the velocity, p the pressure, S = (Si j )
n
i, j=1 the extra

stress tensor, f = ( f 1, . . . , f n) the external body force and ρ the constant density.
In the following we divide the equation (1.1) by the constant density ρ and relabel
S/ρ and p/ρ again as S and p, respectively. Moreover, for mathematical simplicity
we assume that f = div F, where F = (Fi j )

n
i, j=1 is a given tensor. The above system

(1.1), (1.2) has to be completed by boundary and initial conditions and by consti-
tutive assumptions for the extra stress tensor. Concerning the former we assume at

1 Here, div v := ∑
i ∂xi v

i , where ∂xi = ∂
∂xi

(i = 1, . . . , n).
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