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Combinatorial realization of the Thom-Smale complex
via discrete Morse theory

ÉTIENNE GALLAIS

Abstract. In the case of smooth manifolds, we use Forman’s discrete Morse the-
ory to realize combinatorially any Thom-Smale complex coming from a smooth
Morse function by a pair triangulation-discrete Morse function. As an applica-
tion, we prove that any class of homologous vector fields on a smooth oriented
closed 3-manifold can be realized by a perfect matching on the Hasse diagram of
a triangulation of the manifold.
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1. Introduction

R. Forman defines a combinatorial analog of smooth Morse theory in [4–6] for
simplicial complexes and more generally for CW-complexes. Discrete Morse the-
ory has many applications (computer graphics [10], graph theory [3]). An important
problem is the research of optimal discrete Morse functions in the sense that they
have the minimal number of critical cells ([8,9,18] for the minimality of hyperplane
arrangements).

Thanks to a combinatorial Morse vector field V , Forman constructs a combina-
torial Thom-Smale complex (CV , ∂V ) whose homology is the simplicial homology
of the simplicial complex. The differential is defined by counting algebraically V -
paths between critical cells. Nevertheless, the proof of ∂V ◦ ∂V = 0 is an indirect
proof (see [5]). We give two proofs of ∂V ◦ ∂V = 0, one which focusses on the
geometry and another one which focusses on the algebraic point of view (compare
with [2] and [19]). In fact, the algebraic proof gives also the property that the com-
binatorial Thom-Smale complex is a chain complex homotopy equivalent to the
simplicial chain complex. After that, we investigate one step forward the relation
between the smooth Morse theory and the discrete Morse theory. We prove that any
Thom-Smale complex has a combinatorial realization. We use this to prove that any
class of homologous vector fields on a closed oriented 3-manifold can be realized
by a perfect matching on a triangulation of this manifold.

Received June 4, 2008; accepted in revised form April 5, 2009.


