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A geometric study of Wasserstein spaces:
Euclidean spaces
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Abstract. In this article we consider Wasserstein spaces (with quadratic trans-
portation cost) as intrinsic metric spaces. We are interested in usual geometric
properties: curvature, rank and isometry group, mostly in the case of Euclidean
spaces. Our most striking result is that the Wasserstein space of the line admits
“exotic” isometries, which do not preserve the shape of measures.
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1. Introduction

The concept of optimal transportation recently raised a growing interest in links
with the geometry of metric spaces. In particular the L2 Wasserstein space W2(X)

have been used by Von Renesse and Sturm [15], Sturm [17] and Lott and Vil-
lani [12] to define certain curvature conditions on a metric space X . Many useful
properties are inherited from X by W2(X) (separability, completeness, geodesic-
ness, some non-negative curvature conditions) while some other are not, like local
compacity.

In this paper, we study the geometry of Wasserstein spaces as intrinsic spaces.
We are interested, for example, in the isometry group of W2(X), in its curvature
and in its rank (the greatest possible dimension of a Euclidean space that embeds
in it). In the case of the Wasserstein space of a Riemannian manifold, itself seen
as an infinite-dimensional Riemannian manifold, the Riemannian connection and
curvature have been computed by Lott [13]. See also [18] where Takatsu studies
the subspace of Gaussian measures in W2(R

n), [19] where with Jokota he studies
its cone structure, and [1] where Ambrosio and Gigli are interested in the second
order analysis on W2(R

n), in particular its parallel transport.
The Wasserstein space W2(X) contains a copy of X , the image of the isometric

embedding

E : X → W2(X)

x �→ δx
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