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Kähler manifolds and their relatives

ANTONIO J. DI SCALA AND ANDREA LOI

Abstract. Let M1 and M2 be two Kähler manifolds. We call M1 and M2 rela-
tives if they share a non-trivial Kähler submanifold S, namely, if there exist two
holomorphic and isometric immersions (Kähler immersions) h1 : S → M1 and
h2 : S → M2. Moreover, two Kähler manifolds M1 and M2 are said to be weakly
relatives if there exist two locally isometric (not necessarily holomorphic) Kähler
manifolds S1 and S2 which admit two Kähler immersions into M1 and M2 re-
spectively. The notions introduced are not equivalent (cf. Example 2.3). Our
main results in this paper are Theorem 1.2 and Theorem 1.4. In the first theo-
rem we show that a complex bounded domain D ⊂ C

n with its Bergman metric
and a projective Kähler manifold (i.e. a projective manifold endowed with the
restriction of the Fubini–Study metric) are not relatives. In the second theorem
we prove that a Hermitian symmetric space of noncompact type and a projective
Kähler manifold are not weakly relatives. Notice that the proof of the second
result does not follows trivially from the first one. We also remark that the above
results are of local nature, i.e. no assumptions are used about the compactness or
completeness of the manifolds involved.
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1. Introduction

The study of holomorphic and isometric immersions between Kähler manifolds
(called Kähler immersions in the sequel) was started by Eugenio Calabi who, in his
pioneering work [6] of 1953 (see also [9]), solved the problem of deciding about the
existence of Kähler immersions between complex space forms. More specifically,
he proved that two complex space forms with curvature of different sign cannot be
Kähler immersed one into another and, in particular that, for complex space forms
of the same type, just projective spaces can be embedded between themselves in
a non trivial way by using Veronese mappings. Unfortunately, this subject has not
been further explored by other authors as pointed out by Marcel Berger in [3] who
referring to Calabi’s paper wrote: “this wonderful text remains quite unknown and
almost unused...”.
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