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On square roots of class Cm of nonnegative functions of one variable
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Abstract. We investigate the regularity of functions g such that g2 = f , where f
is a given nonnegative function of one variable. Assuming that f is of class C2m

(m > 1) and vanishes together with its derivatives up to order 2m − 4 at all its
local minimum points, one can find a g of class Cm . Under the same assumption
on the minimum points, if f is of class C2m+2 then g can be chosen such that it
admits a derivative of order m + 1 everywhere. Counterexamples show that these
results are sharp.
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Introduction

In this paper we study the regularity of functions g of one variable whose square is
a given nonnegative function f .

For a function f of class C2, first results are due to G. Glaeser [6] who proved
that f 1/2 is of class C1 if the second derivative of f vanishes at the zeros of f ,
and to T. Mandai [8] who proved that one can always choose g of class C1. More
recently in [1] (and later in [7]), for functions f of class C4, it was proved that one
can find g of class C1 and twice differentiable at every point.

F. Broglia and the authors proved in [3] that this result is sharp in the sense that
it is not possible to have in general a greater regularity for g. They also showed that
if f is of class C4 and vanishes at all its (local) minimum points, one can always
find g of class C2 and that the result is sharp. Later, in [4] it was proved that for f
of class C6 vanishing at all its minimum points one can find g of class C2 and three
times differentiable at every point.

In this paper we generalize these results. First we prove that for f of class
C2m , m = 1, 2, . . . , ∞, vanishing at its (local) minimum points together with all
its derivatives up to order (2m − 4) one can find g of class Cm (Theorem 2.2). If
the derivatives vanish only up to order 2m − 6 at all the minimum points, the other
assumptions being unchanged, g can be chosen m times differentiable at every point
(Theorem 3.1, where m is replaced by m + 1).
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