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Characterizations of intrinsic rectifiability
in Heisenberg groups

PERTTI MATTILA, RAUL SERAPIONI AND FRANCESCO SERRA CASSANO

Abstract. We define rectifiable sets in the Heisenberg groups as countable
unions of Lipschitz images of subsets of a Euclidean space, in the case of low-
dimensional sets, or as countable unions of subsets of intrinsic C1 surfaces, in the
case of low-codimensional sets. We characterize both low-dimensional rectifiable
sets and low codimensional rectifiable sets with positive lower density, in terms
of almost everywhere existence of approximate tangent subgroups or of tangent
measures.
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1. Introduction

Rectifiable sets are basic concepts of geometric measure theory. They were intro-
duced in the 1920’s in the plane by Besicovitch and in 1947 in general dimensions
in Euclidean spaces by Federer. A systematic study of rectifiable sets in general
metric spaces was made by Ambrosio and Kirchheim in [2] in 2000. However, the
definitions they used are not always appropriate in Heisenberg groups, and many
other Lie groups, when equipped with their natural Carnot-Carathéodory metric;
indeed, often there are only trivial rectifiable sets of measure zero.

A different definition, in Heisenberg groups Hn and more general Carnot
groups, has been given in [14], for sets of codimension 1, and in general dimen-
sions in [17, 18]. Let us sketch the inspiring ideas.

According to Federer’s original definition, k-dimensional rectifiable sets are
contained, up to a negligible set, in countable unions of Lipschitz images of subsets
of Rk . In Euclidean spaces, it is equivalent to use coverings with countable unions
of k-dimensional C1 sub-manifolds (see [12, 31]).
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