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Some Siegel threefolds
with a Calabi-Yau model

EBERHARD FREITAG AND RICCARDO SALVATI MANNI

Abstract. We describe some examples of projective Calabi-Yau manifolds which
arise as desingularizations of Siegel threefolds. There is a certain explicit product
of six theta constants which defines a cusp form of weight three for a certain sub-
group of index two of the Hecke group �2,0[2]. This form defines an invariant
differential form for this group and for any subgroup of it. We study the ques-
tion whether the Satake compactification for such a subgroup admits a projective
desingularization on which this differential form is holomorphic and without ze-
ros. Then this desingularization is a Calabi-Yau manifold. We shall prove: For
any group between �2[2] and �2,0[2] there exists a subgroup of index two which
produces a (projective) Calabi-Yau manifold. The proof rests on a detailed study
of this cusp form and on Igusa’s explicit desingularization of the Siegel three-
folds with respect to the principal congruence subgroup of level q > 2 (we need
q = 4). For a particular case we produce the equations for the corresponding
Siegel threefold.
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1. Introduction

In the following we describe some examples of Calabi-Yau manifolds that arise
as desingularizations of certain Siegel threefolds. Here by a Calabi-Yau manifold
we understand a smooth complex projective variety which admits a holomorphic
differential form of degree three without zeros and such that the first Betti number
is zero. This differential form is unique up to a constant factor, and we call it the
Calabi-Yau form. Our interest in this subject is influenced by work of Gritsenko
and many discussions with him. The first Siegel modular variety with a Calabi-Yau
model and the essentially only one up to now has been discovered by Barth and
Nieto. They showed that the “Nieto quintic” {x ∈ P5(C), σ1(x) = σ5(x) = 0},
where σi denote the elementary symmetric polynomials, has a Calabi-Yau model
and they derived that the Siegel modular variety A1,3(2) of polarization type (1, 3)

and a certain level-two structure has a Calabi-Yau model. Since the Jacobian of a
symplectic substitution is det(C Z + D)−3, the Calabi-Yau three-form, produces a
modular form of weight three and this must be a cusp form, since it survives on a
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