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Regularity for the CR vector bundle problem II

XIANGHONG GONG AND SIDNEY M. WEBSTER

Abstract. We derive a Ck+ 1
2 Hölder estimate for Pϕ, where P is either of the

two solution operators in Henkin’s local homotopy formula for ∂b on a strongly
pseudoconvex real hypersurface M in C

n , ϕ is a (0, q)-form of class Ck on M ,
and k ≥ 0 is an integer. We also derive a Ca estimate for Pϕ, when ϕ is of class

Ca and a ≥ 0 is a real number. These estimates require that M be of class Ck+ 5
2 ,

or Ca+2, respectively. The explicit bounds for the constants occurring in these
estimates also considerably improve previously known such results.

These estimates are then applied to the integrability problem for CR vector
bundles to gain improved regularity. They also constitute a major ingredient in a
forthcoming work of the authors on the local CR embedding problem.
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1. Introduction

In this paper we will prove the following.

Theorem 1.1. Let n ≥ 4. Let M be a strongly pseudoconvex real hypersurface in
Cn of class C2. Let ω be an r × r matrix of continuous (0, 1)-forms on M . Assume
that ∂Mω = ω ∧ ω. Near each point of M , there exists a non-singular matrix A of
Hölder class C1/2 satisfying ∂M A = −Aω and

a) A ∈ Ca(M), if ω ∈ Ca(M), M ∈ Ca+2 and a > 0 is a real number;

b) A ∈ Ck+ 1
2 (M), if ω ∈ Ck(M), M ∈ Ck+ 5

2 and k > 0 is an integer.

If ω and A are of class C0, the identities ∂Mω = ω ∧ ω and ∂M A = −Aω are in
the sense of currents; see Section 3. This work is a continuation of [5]. For earlier
results see [23] and Ma-Michel [15].

We now describe the above result in terms of an integrability problem for CR
vector bundles ( [23]). Let E be a complex vector bundle of rank r over M with
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