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�-convergence for stable states and local minimizers

ANDREA BRAIDES AND CHRISTOPHER J. LARSEN

Abstract. We introduce new definitions of convergence, based on adding stabil-
ity criteria to �-convergence, that are suitable in many cases for studying conver-
gence of local minimizers.
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1. Introduction

�-convergence is a key tool in studying approximations of energies, based on com-
paring global minimizers of an energy E and minimizers of approximate energies

En . In particular, if En
�→E , then

1. if un → u and the un asymptotically minimize En , then u minimizes E
2. if u minimizes E , then there exist un → u such that the un asymptotically
minimize En (whenever En are equicoercive).

This convergence is used in two main ways in applications: if E is a physical stored
energy, it can sometimes be more convenient to find approximate energies that are
more easily analyzed (see, e.g., [4, 5, 7, 8]). On the other hand, it can be that the
physical energy has a natural small scale, such as atomistic energies, and one seeks
a continuum model without a scale. In this case, the “true” physical energy is some
En , with n large, and the limiting energy E is the approximation.

The physical motivation for these approximations is the study of stable states,
and global minimizers of stored energies are important examples. But to study
all stable states, one must also consider at least strict local minimizers. Unfortu-
nately, (1) above typically fails when “minimize” is replaced by “locally minimize”
or “strictly locally minimize.” This is particularly a problem when the energies En
contain oscillations, and therefore many local minimizers, while the limit E does
not. These oscillations are often quite natural physically, such as in atomistic mod-
els and homogenization in the presence of material microstructure. (2) is also an
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