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A variational method for a class of parabolic PDEs
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Abstract. In this manuscript we extend De Giorgi’s interpolation method to a
class of parabolic equations which are not gradient flows but possess an entropy
functional and an underlying Lagrangian. The new fact in the study is that not
only the Lagrangian may depend on spatial variables, but it does not induce a
metric. Assuming the initial condition to be a density function, not necessar-
ily smooth, but solely of bounded first moments and finite “entropy”, we use a
variational scheme to discretize the equation in time and construct approximate
solutions. Then De Giorgi’s interpolation method is revealed to be a powerful
tool for proving convergence of our algorithm. Finally we show uniqueness and
stability in L1 of our solutions.
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1. Introduction

In the theory of existence of solutions of ordinary differential equations on a metric
space, curves of maximal slope and minimizing movements play an important role.
The minimizing movements in general are obtained via a discrete scheme. They
have the advantage of providing an approximate solution of the differential equa-
tion by discretizing in time while not requiring the initial condition to be smooth.
Then a clever interpolation method introduced by De Giorgi [6, 7] ensures com-
pactness for the family of approximate solutions. Many recent works [3, 14] have
used minimizing movement methods as a powerful tool for proving existence of
solutions for some classes of partial differential equations (PDEs). So far, most
of these studies concern PDEs which can be interpreted as gradient flow of an en-
tropy functional with respect to a metric on the space of probability measures. This
paper extends the minimizing movements and De Giorgi’s interpolation method to
include PDEs which are not gradient flows, but possess an entropy functional and
an underlying Lagrangian which may be dependent of the spatial variables.

In the current manuscript X ⊂ Rd is an open set whose boundary is of zero
measure. We denote by Pac

1 (X) the set of Borel probability densities on X of
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