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Plane curves as Pfaffians

ANITA BUCKLEY AND TOMAŽ KOŠIR

Abstract. Let C be a smooth curve in P
2 given by an equation F = 0 of

degree d. In this paper we parametrise all linear Pfaffian representations of F
by an open subset in the moduli space MC (2, KC ). We construct an explicit
correspondence between Pfaffian representations of C and rank 2 vector bundles
on C with canonical determinant and no sections.
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1. Introduction

Let k be an algebraically closed field and C an irreducible curve in P
2 defined by

a polynomial F(x0, x1, x2) of degree d. We consider the following question. For
given C (and F) find a 2d × 2d skew-symmetric matrix

A =




0 L1 2 L1 3 · · · L1 2d
−L1 2 0 L2 3 · · · L2 2d
−L1 3 −L2 3 0

...
...

. . .
...

−L1 2d −L2 2d · · · 0




with linear forms Li j = a0
i j x0 + a1

i j x1 + a2
i j x2 such that

Pf A(x0, x1, x2) = cF(x0, x1, x2) for some c ∈ k, c �= 0.

Such a matrix A is called a linear Pfaffian representation of C . Its cokernel is a
rank 2 vector bundle on C . Throughout the paper we identify vector bundles with
locally free sheaves.

Two Pfaffian representations A and A′ are equivalent if there exists X∈GL2d(k)

such that
A′ = X AXt .

Received June 3, 2009; accepted in revised form April 8, 2010.


