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Sharp ill-posedness and well-posedness results

for the KdV-Burgers equation: the real line case

LUC MOLINET AND STÉPHANE VENTO

Abstract. We complete the known results on the Cauchy problem in Sobolev
spaces for the KdV-Burgers equation by proving that this equation is well-posed

in H−1(R)with a solution-map that is analytic from H−1(R) toC([0,T ];H−1(R))
whereas it is ill-posed in Hs(R), as soon as s < −1, in the sense that the flow-
map u0 "→ u(t) cannot be continuous from Hs(R) to even D′(R) at any fixed
t > 0 small enough. As far as we know, this is the first result of this type for a
dispersive-dissipative equation. The framework we develop here should be useful
to prove similar results for other dispersive-dissipative models.

Mathematics Subject Classification (2010): 35E15 (primary); 35M11, 35Q53,
35Q60 (secondary).

1. Introduction and main results

The aim of this paper is to establish positive and negative optimal results on the

local Cauchy problem in Sobolev spaces for the Korteweg-de Vries-Burgers (KdV-

B) equation posed on the real line:

ut + uxxx − uxx + uux = 0 (1.1)

where u = u(t, x) is a real-valued function.
This equation has been derived as an asymptotic model for the propagation of

weakly nonlinear dispersive long waves in some physical contexts when dissipative

effects occur (see [17]). It thus seems natural to compare the well-posedness results

on the Cauchy problem for the KdV-B equation with those for the Korteweg-de-

Vries (KdV) equation

ut + uxxx + uux = 0 (1.2)

that corresponds to the case where the dissipative effects are negligible, and for the

dissipative Burgers (dB) equation

ut − uxx + uux = 0 (1.3)

that corresponds to the case where the dissipative effect are dominant.
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