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Harmonic mappings and distance function

DAVID KALAJ

Abstract. We prove the following theorem: every quasiconformal harmonic

mapping between two plane domains with C1,α (α < 1) and, respectively, C1,1

compact boundary is bi-Lipschitz. This theorem extends a similar result of the
author [10] for Jordan domains, where stronger boundary conditions for the image
domain were needed. The proof uses distance function from the boundary of the
image domain.
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1. Introduction and statement of the main result

We say that a function u : D → R is ACL (absolutely continuous on lines) in

the region D ⊂ R2, if for every closed rectangle R ⊂ D with sides parallel to

the x and y-axes, u is absolutely continuous on a.e. horizontal and a.e. vertical

line in R. Such a function has, of course, partial derivatives ux and uy a.e. in D.

A homeomorphism f : D → G, where D and G are subdomains of the complex

plane C, is said to be K -quasiconformal (K -q.c), for K ≥ 1, if f is ACL and

|∇ f (z)| ≤ Kl(∇ f (z)) a.e. on D, (1.1)

where

|∇ f (x)| := max
|h|=1

|∇ f (x)h| = | fz| + | fz̄|

and

l(∇ f (z)) := min
|h|=1

|∇ f (z)h| = | fz| − | fz̄|

(cf. [1, pages 23–24] and [22]). Note that, condition (1.1) can be written as

| fz̄| ≤ k| fz| a.e. on D, where k = K − 1

K + 1
i.e. K = 1+ k

1− k
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