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On the definition and properties

of p-harmonious functions

JUAN J. MANFREDI, MIKKO PARVIAINEN AND JULIO D. ROSSI

Abstract. We consider functions that satisfy the identity

uε(x) = α

2

{
sup

Bε(x)

uε + inf
Bε(x)

uε

}
+ β

∫

Bε(x)
uε dy

for a bounded domain in Rn . Here ε > 0 and α, and β are suitable nonnega-
tive coefficients such that α + β = 1. In particular, we show that these functions
are uniquely determined by their boundary values, approximate p-harmonic func-
tions for 2 ≤ p < ∞ (for a choice of p that depends on α and β), and satisfy
the strong comparison principle. We also analyze their relation to the theory of
tug-of-war games with noise.
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1. Introduction

The fundamental works of Doob, Hunt, Kakutani, Kolmogorov and many others

have shown the profound and powerful connection between the classical linear po-

tential theory and the corresponding probability theory. The idea behind the clas-

sical interplay is that harmonic functions and martingales share a common origin

in mean value properties. This approach turns out to be useful in the nonlinear

theory as well. The goal of this paper is to study functions that satisfy a nonlinear

generalization of the mean value theorem

uε(x) = α

2

{
sup
Bε(x)

uε + inf
Bε(x)

uε

}
+ β

∫

Bε(x)
uε dy, (1.1)
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