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Varieties with q(X) = dim (X) and P2(X) = 2

ZHI JIANG

Abstract. We give a complete description of all smooth projective complex
varieties with q(X) = dim(X) and P2(X) = 2.
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It has always been a goal of algebraic geometers to classify algebraic varieties,

and a good part of their work in the twentieth century was devoted to the classifica-

tion of algebraic surfaces. Of course, one can obtain a complete description only in

particular cases, such as when the numerical invariants of the surface are small.

In the past thirty years, the development of new techniques made it possible to

obtain results in higher dimensions as well. The numerical (birational) invariants of

a smooth projective complex variety X that are commonly used are its irregularity

q(X) := h1(X,OX ) and its plurigenera Pm(X) := h0(X,ωm
X ).

One can quote for example a beautiful result of Kawamata ([13]), who proved

that X is birational to an Abelian variety if and only if q(X) = dim(X) and the
Kodaira dimension κ(X) is 0 (this means maxm>0 Pm(X) = 1). This result has

been improved on by many authors, and the optimal version can be found in [2]

and [12]: X is birational to an Abelian variety if and only if q(X) = dim(X), and
P2(X) = 1 or 0 < Pm(X) ≤ m − 2 for some m ≥ 3.

When q(X) = dim(X), but the numerical invariants of X are a little bit higher
than these bounds, one can still obtain a complete birational description of X . Ha-

con and Pardini treated the case P3(X) = 2 and proved that X is birational to a

smooth double cover of its Albanese variety Alb(X), with explicit and very specific
branch locus ( [11]). Hacon then gave an equally precise description in the case

P3(X) = 3 (X is birational to a smooth bidouble cover of Alb(X)) in [9], and Chen
and Hacon dealt with the case P3(X) = 4, where the description obtained is still

complete but more complicated ([4]).

In this article, following the strategy of Chen and Hacon in [4], but building

on the results of [12], we give a complete birational description of X in the case

P2(X) = 2 (Theorem 3.3).

Theorem. Let X be a smooth projective variety with q(X)=dim(X) and P2(X)=2.
Then κ(X) = 1 and X is birational to a quotient (K×C)/G, where K is an Abelian
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