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The optimal constant in the L2 Folland-Stein inequality

on the quaternionic Heisenberg group
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Abstract. We determine the best (optimal) constant in the L2 Folland-Stein
inequality on the quaternionic Heisenberg group and the non-negative functions
for which equality holds.
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1. Introduction

The goal of this note is to determine the best (optimal) constant in the L2 Folland-

Stein inequality on the quaternionic Heisenberg group and the non-negative ex-

tremal functions, i.e., the functions for which equality holds. Alternatively, this

is equivalent to finding the Yamabe constant of the standard quaternionic contact

structure of the sphere.

The proof is inspired by the case λ = Q − 2 of the recent remarkable paper of
Frank and Lieb [11] who obtained the sharp form of the Hardy-Littlewood-Sobolev

(HLS) inequalities [10] with exponent λ, 0 < λ < Q, on the Heisenberg group

Hn of homogeneous dimension Q = 2n + 2 and the standard CR unit sphere

S2n+1 ⊂ Cn+1, together with their limiting cases λ = 0 and λ = Q (see [22]

for the Euclidean version and [11] for other results in the CR setting). Previously,

Branson, Fontana and Morpurgo [6] settled the limiting case λ = 0 and pointed out

that the old idea of Szegö [26] and Hersch [20] can be used to find the sharp form

of the logarithmic HLS inequality and its dual Onofri’s inequality on the Heisen-

berg group. This center of mass technique and the conformal invariance was used

earlier by Onofri [25] on the round two dimensional sphere (see also [2] and [12])

and Chang and Yang [8] who extended it to higher dimension thereby giving an al-

ternative proof of the Beckner-Onofri’s inequality, see [4]. As well known, the case
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