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CMC hypersurfaces condensing to geodesic segments

and rays in Riemannian manifolds

ADRIAN BUTSCHER AND RAFE MAZZEO

Abstract. We construct examples of compact and one-ended constant mean
curvature surfaces with large mean curvature in Riemannian manifolds with ax-
ial symmetry by gluing together small spheres positioned end-to-end along a
geodesic. Such surfaces cannot exist in Euclidean space, but we show that the
gradient of the ambient scalar curvature acts as a ‘friction term’ which permits
the usual analytic gluing construction to be carried out.
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1. Introduction

Background. The study of constant mean curvature (CMC) surfaces in R3, or in
more general three-dimensional Riemannian manifolds, is a well established field of
Riemannian geometry and there is a vast literature concerning the construction and
properties of such surfaces. One particular method for constructing CMC surfaces
is by analytic gluing techniques. This goes back to the work of Kapouleas [6, 7]
and has been further developed by many others, including the first author with Pac-
ard [1,2] and the second author with Pacard and also with Pollack [10,12]. (See [13]
and [16] for surveys about the current state of this approach.) The general idea in
this approach is to take connected sums of simple surfaces, e.g. the sphere, cylinder
or Delaunay surfaces, joined by approximately catenoidal necks, to produce ‘ap-
proximate CMC’ surfaces and then perturbing these by PDE arguments to obtain
surfaces with exactly constant mean curvature.

The simplest examples of complete noncompact embedded CMC surfaces in
R3 are the Delaunay surfaces; these are the unique rotationally symmetric CMC
surfaces and each has a discrete translational symmetry as well. This family in-
terpolates between the cylinder and an infinite string of mutually tangent spheres
arranged along an axis; elements of this family are distinguished by a ‘necksize’
parameter which measures the length of the shortest closed geodesic.
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