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Hölder estimates for advection fractional-diffusion equations

LUIS SILVESTRE

Abstract. We analyse conditions for an evolution equation with a drift and frac-
tional diffusion to have a Hölder continuous solution. In case the diffusion is of
order one or more, we obtain Hölder estimates for the solution for any bounded
drift. In the case when the diffusion is of order less than one, we require the
drift to be a Hölder continuous vector field in order to obtain the same type of
regularity result.
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1. Introduction

This papers concerns the solutions of an equation of the form

ut + b · ∇u + (−#)su = f. (1.1)

We will prove that the solution u becomes immediately Hölder continuous. In the

case s ∈ [1/2, 1), all we require for the vector field b is that it is bounded. In the
case s ∈ (0, 1/2), we require b to be in the Hölder class C1−2s .

The case s = 1/2 is often referred to as the critical case because the diffusion
is an operator of the same order as the advection. Both terms in (1.1) have the same

weight at all scales and no perturbation techniques can be applied to obtain regular-

ity of the solution u. This critical case was already studied in [11], where the result

was used to establish the existence of classical solutions for the Hamilton-Jacobi

equation with critical fractional diffusion. The main ideas in this paper originated

in that work. In future work, we plan to apply the result of this paper to other

nonlinear equations like for example conservations laws with fractional diffusion.

It is interesting to compare this result in the critical case s = 1/2 with the result
in [4]. In that paper the same equation is studied and the Hölder continuity result is

obtained using De Giorgi’s approach for parabolic equations. The only difference

is that the assumptions for b in [4] are that it belongs to the BMO class and it is
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