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Torsion points on elliptic curves in Weierstrass form

PHILIPP HABEGGER

Abstract. We prove that there are only finitely many complex numbers a and
b with 4a3 + 27b2 6= 0 such that the three points (1, ⇤), (2, ⇤), and (3, ⇤) are
simultaneously torsion points on the elliptic curve defined in Weierstrass form
by y2 = x3 + ax + b. This gives an affirmative answer to a question raised by
Masser and Zannier. We thus confirm a special case in two dimensions of the
relative Manin-Mumford Conjecture formulated by Pink and Masser-Zannier.
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1. Main Result

In pursuit of unlikely intersections, Masser and Zannier [10, 11] proved that there
are only finitely many complex � 6= 0, 1 such that
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are torsion points on the elliptic curve given in Legendre form by y2 = x(x�1)(x�

�).
This result provides evidence for far-reaching conjectures stated by its authors

[9, 11] and by Pink [14]. Both conjectures govern the distribution of torsion points
on a subvariety of a family of semi-Abelian varieties and may be regarded as a
relative version of the Manin-Mumford Conjecture. They deal with unlikely or
anomalous intersections emphasized in the earlier work of Zilber [22] for constant
semi-Abelian varieties. In Masser and Zannier’s result the subvariety is an algebraic
curve inside the fibered square of the Legendre family of elliptic curves. By a recent
example of Bertrand [3], these conjectures require modification when dealing with
families whose fibers are not complete. However, in the current paper we will
consider only families of Abelian varieties.

One natural family is the Weierstrass family. The Weierstrass equation y2 =

x3 + ax + b defines an elliptic curve when a and b are complex parameters that
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