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Quasiminimizing properties of solutions to Riccati type equations

OLLI MARTIO

Abstract. Solutions u of the Riccati equation �r · A(x,ru) = b(x)|ru|q with
A(x, h) ·h ⇡ |h|p and b a bounded function are studied in an open set� ⇢ Rn . It
is shown that the solutions u are local quasiminimizers whenever p� 1  q  p
for p > n and n � 1  q < n for p = n. This extends the results in the author’s
earlier paper [8] where the case p < n was studied. Continuous solutions in the
range p/n+ p� 1  q  p are also local quasiminimizers. Examples show that
the results are quite sharp.

Mathematics Subject Classification (2010): 35J60 (primary); 35J25 (sec-
ondary).

1. Introduction

We consider solutions u of the equation

�r · A(x,ru) = b(x)|ru|q (1.1)

where A(x, h) · h ⇡ |h|p, p > 1. For the precise assumptions on p, A, b and q
see (1.3)-(1.7) below. The solutions u are understood in the weak sense. Hence u
is a solution of (1.1) in an open set � ⇢ Rn if u belongs to the local Sobolev space
W 1,p
loc (�) and Z

�
A(x,ru) · r' dx =

Z
�

' b(x)|ru|q dx (1.2)

for all ' 2 C1

0 (�). In Section 4 we consider solutions in the case q > p. Then we
assume that a solution u belongs to W 1,q

loc (�).
We use the following assumptions in the sequel unless otherwise stated:

b is a bounded measurable function in � (1.3)
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