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On the existence of steady periodic capillary-gravity
stratified water waves
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Abstract. We prove the existence of small steady periodic capillary-gravity wa-
ter waves for stratified flows, where we allow for stagnation points in the flow.
We establish the existence of both laminar and non-laminar flow solutions for
the governing equations. This is achieved using bifurcation theory and estimates
based on the ellipticity of the system, where we regard, in turn, the mass-flux and
surface tension as bifurcation parameters.
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1. Introduction

In the following paper we prove the existence of small-amplitude two-dimensional
steady periodic capillary-gravity stratified water waves, where we do not exclude
stagnation points from the flow. Stratified water waves are heterogeneous flows
where the density varies as a function of the streamlines. Physically, stratification
is a very interesting phenomenon, and fluid density may be caused to fluctuate by
a plethora of factors— for example, salinity, temperature, pressure, topography,
oxygenation. Mathematically, allowing for heterogeneity adds severe complica-
tions to the governing equations, making their analysis even more intractable. For
capillary-gravity waves, the effects of surface tension are incorporated in the gov-
erning equations by adding a term proportional to the curvature of the wave profile
into the surface boundary condition, which also complicates matters significantly.
Nevertheless, as we have shown in our paper [20], the remarkably nice regularity
properties which have been recently proven to hold for a wide-variety of homoge-
neous flows [5, 18, 19, 27, 28], in the main apply also to these stratified flows.

The first results concerning the existence of small-amplitude waves for strat-
ified flows were obtained by Dubreil-Jacotin [13], in 1937. Interestingly, prior to
this Dubreil-Jacotin successfully adapted the famous Gerstner’s water wave [1,17],
which is one of the few examples of explicit solutions for the full governing equa-
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