
Ann. Sc. Norm. Super. Pisa Cl. Sci. (5)
Vol. XIII (2014), 307-332

The eigenvalue problem for the 1-biharmonic operator

ENEA PARINI, BERNHARD RUF AND CRISTINA TARSI

Abstract. We consider the problem of finding the optimal constant for the em-
bedding of the space

W2,1
1 (�) :=

n
u 2 W1,1

0 (�) | 1u 2 L1(�)
o

into the space L1(�), where � ✓ Rn is a bounded convex domain, or a bounded
domain with boundary of class C1,↵ . This is equivalent to finding the first eigen-
value of the 1-biharmonic operator under (generalized) Navier boundary condi-
tions. In this paper we provide an interpretation for the eigenvalue problem, we
show some properties of the first eigenfunction, we prove an inequality of Faber-
Krahn type, and we compute the first eigenvalue and the associated eigenfunction
explicitly for a ball, and in terms of the torsion function for general domains.
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1. Introduction

Let � ✓ Rn be a bounded domain, and let W 2,1
1 (�) be defined as

W 2,1
1 (�) :=

n
u 2 W 1,1

0 (�) | 1u 2 L1(�)
o

.

This function space turns out to be strictly larger than the Sobolev spaceW 2,1(�)\

W 1,1
0 (�), in which the whole set of second order derivatives is considered, in con-

trast with the case p > 1 where we always have W 2,p
1 (�) = W 2,p(�) \ W 1,p

0 (�),
provided @� is sufficiently smooth: the equivalence between the full Sobolev norm
and k1ukp can be achieved by standard elliptic theory, see [17, Lemma 9.17]. This
difference is highlighted by the corresponding sharp Sobolev embeddings, in par-
ticular in the so-called limiting case N = 2 (p = 1 =

N
2 ) one has W

2,1(�) ,!

L1(�) (see, e.g. [2]), while this embedding fails for the larger space W 2,1
1 (�),

which embeds only into Lexp(�) (see [7]).
Our aim here is to find the optimal constant for the embedding

W 2,1
1 (�) ,! L1(�)
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