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On Hilbert’s 17th problem and Pfister’s multiplicative formulae
for the ring of real analytic functions
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Abstract. In this work, we present “infinite” multiplicative formulae for count-
able collections of sums of squares (of meromorphic functions on Rn). Our for-
mulae generalize the classical Pfister’s ones concerning the representation as a
sum of 2r squares of the product of two elements of a field K which are sums
of 2r squares. As a main application, we reduce the representation of a positive
semidefinite analytic function on Rn as a sum of squares to the representation
as sums of squares of its special factors. Recall that roughly speaking a special
factor is an analytic function on Rn which has just one complex irreducible factor
and whose zeroset has dimension between 1 and n � 2.
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1. Introduction

It is well known that the ring of analytic functions on a real analytic manifold M
is far from being a unique factorization domain because factorization involves, in
the non compact case, infinitely many factors and if H1(M, Z2) 6= 0 there are an-
alytic functions on M which admit different factorizations (see [21]). However, if
we focus on Rn , we are able to associate to a real analytic function on Rn a (possi-
bly infinite) collection of irreducible factors (see Section 6.2), unique up to analytic
units, and we provide some procedure involving sheaf theory (via a sheaf-product,
see Section 2.3) to recover the initial analytic function from its irreducible factors.
Thus, we manage an additional tool: factorization, and one of the main purposes
of this work is to reduce the representation of an analytic function f : Rn

! R
as a sum of squares (of meromorphic functions on Rn) to the representation of
the irreducible factors of f which divide it with odd multiplicity. This involves the
development of “infinite” Pfister’s multiplicative formulae for the field of meromor-
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