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The Extended Future Tube Conjecture for SO(1, n)

PETER HEINZNER – PATRICK SCHÜTZDELLER

Abstract. Let C be the open upper light cone in R
1+n with respect to the Lorentz

product. The connected linear Lorentz group SOR(1, n)0 acts on C and therefore
diagonally on the N -fold product T N where T = R

1+n + iC ⊂ C
1+n . We prove

that the extended future tube SOC(1, n) · T N is a domain of holomorphy.
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For K ∈ {R, C} let K
1+n denote the (1 + n)-dimensional Minkowski space,

i.e., on K
1+n we have given the bilinear form

(x, y) �→ x • y := x0 y0 − x1 y1 − · · · − xn yn

where xj respectively yj are the components of x respectively y in K
1+n. The

group OK(1, n) = {g ∈ GlK(1 + n); gx • gy = x • y for all x, y ∈ K
1+n} is

called the linear Lorentz group. For n ≥ 2 the group OR(1, n) has four con-
nected components and OC(1, n) has two connected components. The connected
component of the identity OK(1, n)0 of OK(1, n) will be called the connected
linear Lorentz group. Note that SOR(1, n) = {g ∈ OR(1, n); det(g) = 1} has
two connected components and OR(1, n)0 = SOR(1, n)0. In the complex case
we have SOC(1, n) = OC(1, n)0.

The forward cone C is by definition the set C := {y ∈ R
1+n; y • y > 0

and y0 > 0} and the future tube T is the tube domain over C in C
1+n , i.e.,

T = R
1+n + iC ⊂ C

1+n . Note that T N = T × · · · × T is the tube domain in
the space of complex (1 + n)× N -matrices C

(1+n)×N over C N = C ×· · ·× C ⊂
R

(1+n)×N . The group SOC(1, n) acts by matrix multiplication on C
(1+n)×N and

the subgroup SOR(1, n)0 stabilizes T N . In this note we prove the
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