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Characterizations of differentiability
for h-convex functions in stratified groups

VALENTINO MAGNANI AND MATTEO SCIENZA

Abstract. Using the notion of h-subdifferential, we characterize both first and
second order differentiability of h-convex functions in stratified groups. Besides
some new results involving the h-subdifferential of h-convex functions, we show
that at all h-differentiability points of an h-convex function, the existence of a
second order expansion coincides with a suitable differentiability of its horizontal
gradient.
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1. Introduction

The purpose of this work is to establish new results for first and second order dif-
ferentiability of h-convex functions from the viewpoint of Nonsmooth Calculus,
namely, using a suitable notion of subdifferential.

Following notation and terminology of Section 2, we represent a stratified
group G as a finite-dimensional Hilbert space, that is the direct sum of orthogonal
subspaces H1, H2, . . ., H◆ and that is equipped with a suitable polynomial operation.
Here H1 is the subspace of horizontal directions at the origin, that yields the first
layer V1 of the Lie algebra g, that is formed by the so-called left-invariant horizontal
vector fields. More details and precise definitions can be found in Section 2.

According to [9], an h-convex function u : � �! R defined on an open set
� of a stratified group G satisfies the property of being classically convex when
restricted to all horizontal lines contained in �. More precisely, we say that u :

� �! R is h-convex if for all h 2 H1 with [0, h] = {th : 0  t  1} and
[0, h] ⇢ x�1

· �, we have

u
�
x(th)

�
 (1� t)u(x) + tu(xh) (1.1)

The first author has been supported by ”ERC ADG Grant GeMeTneES”.
Received November 7, 2011; accepted in revised form August 7, 2012.


