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Uniform bounds for the Iitaka fibration

GABRIELE DI CERBO

Abstract. We give effective bounds for the uniformity of the Iitaka fibration.
These bounds follow from an effective theorem on the birationality of some ad-
joint linear series. In particular we derive an effective version of the main theorem
in [19].
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1. Introduction

Hacon and McKernan in [10] proposed the following:

Conjecture 1.1. There is a positive integer mn, such that for any m � mn, suffi-
ciently divisible, �|mKX | is birationally equivalent to the Iitaka fibration of X for all
smooth projective varieties X of dimension n and Kodaira dimension  .

They proved in [9] the case when (X) = n. For different proofs see also [21]
and [24]. Their result is not effective and it remains a difficult question to find
bounds for these numbers, see [4] for results in dimension three. When (X) < n
the standard approach to this problem is to use the canonical bundle formula of
Fujino and Mori [8]. Roughly speaking, it says that for the Iitaka fibration f :

X 99K Y the question is equivalent to finding a uniform bound for the birationality
of linear systems on Y of type KY + MY + BY where (Y, BY ) is a klt pair and MY
is a nef Q-divisor. With this approach mn, depends also on some other numerical
parameters which appear in the formula, see Section 4 for details. Under these
new assumptions there are some partial results. Fujino and Mori proved the case
(X) = 1. Some years later Viehweg and Zhang in [25] proved the case (X) = 2.
If dim(X) = 3 Ringler gave a different proof in [20]. For low-dimensional varieties,
i.e. dim(X)  4, the log version of Conjecture 1.1 has been studied in [22] and [23].
The first result for arbitrary Kodaira dimension is due to Pacienza in [19] but he
needs to assume that KY is pseudo-effective and MY is big. Recently Jiang in [12]
proved the case where MY is numerically trivial by reducing the problem to a result
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