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The Hopf-Laplace equation: harmonicity and regularity
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Abstract. The central theme in this paper is the Hopf-Laplace equation, which
represents stationary solutions with respect to the inner variation of the Dirichlet
integral. Among such solutions are harmonic maps. Nevertheless, minimization
of the Dirichlet energy among homeomorphisms often leads to mappings which
are neither harmonic nor homeomorphisms. We prove that such mappings are
harmonic outside of a singular set with small image. On the singular set they are
locally Lipschitz, but not necessarily differentiable.
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1. Introduction

The Hopf-Laplace equation arises in the study of the Dirichlet energy integral
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for homeomorphisms h : X ! Y between two designated domains X and Y in the
complex plane C = {z = x1 + i x2 : x1, x2 2 R}. In the recent paper [20] we estab-
lished some sufficient, and necessary conditions for the minimum of energy to be
attained by a harmonic diffeomorphism. In general, minimization of EX yields non-
harmonic, non-diffeomorphism, non-smooth solution of the Hopf-Laplace equa-
tion. The goal of this paper is to establish the regularity theory for such solutions.

Throughout this text we take advantage of the complex partial derivatives
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