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Enumerative Geometry of Divisorial Families of Rational Curves

ZIV RAN

Abstract. We compute the number of irreducible rational curves of given degree
with 1 tacnode in P

2 or 1 node in P
3 meeting an appropriate generic collection of

points and lines. As a byproduct, we also compute the number of rational plane
curves of degree d passing through 3d −2 given points and tangent to a given line.
The method is ‘classical’, free of Quantum Cohomology.
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In the past 15 years or so a number of classical problems in the enumerative
geometry of curves in P

n were solved, first for n = 2, any genus [R1], then for
any n, genus 0. The latter development was initiated by Kontsevich-Manin who
developed and used the rather substantial machinery of Quantum Cohomology
(cf. e.g. [FP]). Subsequently, in a series of papers [R2]-[R5] the author de-
veloped an elementary alternative approach, free of Quantum cohomology, and
used it to solve a number of classical enumerative problems for rational, and
sometimes elliptic, curves in P

n , n ≥ 2. The present paper continues this series.
The object here is to enumerate the irreducible rational curves of given degree d
in P

2 with one tacnode passing through 3d − 2 general points (see Theorems 2
and 5 below), as well as the irreducible rational curves in P

3 with one ordinary
node which contain a general points and are incident to 4d − 2a − 1 general
lines (see Theorem 1 below). Note that the family of 1-tacnodal (resp. 1-nodal)
curves in P

2 (resp. P
3) is of codimension 1 in the family of all rational curves,

so that we are effectively computing the ‘degree’, in a sense, of certain natural
divisors in the family of all rational curves. Indeed by a result of Diaz and
Harris [DH] in the case of P

2, the general member of any such divisor, if
not nodal, is either 1-cuspidal (which case was enumerated in [P], [R2]) or
1-tacnodal or has 1 triple point (which case is enumerated in [R6]). It seems
very likely, but does not seem to be in the literature, that the natural analogue
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