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Mean field propagation of infinite-dimensional Wigner measures
with a singular two-body interaction potential
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Abstract. We consider the quantum dynamics of many bosons systems in the
mean field limit with a singular pair-interaction potential, including the attractive
or repulsive Coulombic case in three dimensions. By using a measure trans-
portation technique developed in [3], we show that Wigner measures propagate
along the nonlinear Hartree flow. Such property was previously proved only for
bounded potentials in our works [5, 6] with a slightly different strategy.
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1. Introduction

The evolution of a non-relativistic system of many quantum particles is described
by an n-body Schrödinger equation. The mean field limit consists in replacing this
problem by a non linear 1-particle problem, by considering one generic particle in-
teracting with the average field of all the others, when the number of particles is
large and the interaction potential is weak. It is common knowledge that this ap-
proximation starts to be very effective when the number of particles exceeds a few
tens. In the last decades, many works have been devoted to justify this limit. Most of
them considered the mean field dynamics of well-prepared quantum states, coher-
ent states or Hermite states, by following and extending the phase-space approach,
also known as the Hepp method (see [25, 27, 32, 33, 39, 44, 58]), or by studying the
BBGKY hierarchy of reduced density matrices (see [8, 17, 19, 20, 42, 60]). Some
of these results deal with very singular pair interaction potentials in [9, 19, 20, 44]
or consider the rate of convergence (see [7, 44, 58]), sometimes motivated by the
modelling of Bose-Einstein condensates (see e.g. [1,21,48]). In this article we con-
tinue our program, which consists in deriving the mean field limit for general initial
data in the bosonic framework. Our strategy is inspired by older attempts to give
substance to the formal link between bosonic Quantum Field Theory and the finite-
dimensional microlocal or phase-space analysis (see [10, 23, 24, 45, 47]). With this
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