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The geometry of planar p-harmonic mappings: convexity,
level curves and the isoperimetric inequality

TOMASZ ADAMOWICZ

Abstract. We discuss various representations of planar p-harmonic systems of
equations and their solutions. For coordinate functions of p-harmonic maps we
analyze signs of their Hessians, the Gauss curvature of p-harmonic surfaces, the
length of level curves as well as we discuss curves of steepest descent. The
isoperimetric inequality for the level curves of coordinate functions of planar p-
harmonic maps is proven. Our main techniques involve relations between qua-
siregular maps and planar PDEs. We generalize some results due to P. Lindqvist,
G. Alessandrini, G. Talenti and P. Laurence.
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1. Introduction

In this note we discuss the geometry of solutions to a p-harmonic system of equa-
tions in the plane. That is, for a map u = (u1, u2) : � ⇢ R2 ! R2 and 1 < p < 1

we will investigate the following nonlinear system of equations:

div(|Du|p�2Du) = 0,

where Du stands for the Jacobi matrix of u and |Du|2 = |ru1|2 + |ru2|2. If
a solution exists it is called a p-harmonic map. The system originates from the
Euler-Lagrange system for the energy

R
� |Du|p and therefore, the natural domain

of definition for solutions is the Sobolev space W 1,p
loc (�, Rn). However, in the dis-

cussion below we will deal mainly with C2-regular maps. Equivalently, this system
can be written as follows. 8<

:
div(|Du|p�2ru1) = 0

div(|Du|p�2ru2) = 0.
(1.1)

Furthermore, for p = 2 the system reduces to the harmonic one and so from that
point of view p-harmonic maps are the nonlinear counterparts of harmonic transfor-
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