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On two finiteness conditions for Hopf algebras with nonzero integral

NICOLÁS ANDRUSKIEWITSCH, JUAN CUADRA AND PAVEL ETINGOF

Abstract. A Hopf algebra is co-Frobenius when it has a nonzero integral. It is
proved that the composition length of the indecomposable injective comodules
over a co-Frobenius Hopf algebra is bounded. As a consequence, the coradical
filtration of a co-Frobenius Hopf algebra is finite; this confirms a conjecture by
Sorin Dăscălescu and the first author. The proof is of categorical nature and the
same result is obtained for Frobenius tensor categories of subexponential growth.
A family of co-Frobenius Hopf algebras that are not of finite type over their Hopf
socles is constructed, answering so in the negative another question by the same
authors.
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Introduction

The Haar measure on a compact group G induces a linear functional
R
on the Hopf

algebra of representative functions on G. The (right) invariance property of the
Haar measure reads as a condition on

R
that can be expressed in Hopf algebraic

terms [17, page 28]. In [24], Sweedler extended the notion of (right invariant) inte-
gral to arbitrary Hopf algebras by means of this condition. However, not every Hopf
algebra admits a nonzero (right) integral; those that do are called co-Frobenius.
There is an obvious left version but a right co-Frobenius Hopf algebra is automati-
cally left co-Frobenius. Two main examples arose early in the study of this notion:

• finite dimensional Hopf algebras [18];
• cosemisimple Hopf algebras [24].

It became slowly clear that the existence of a nonzero integral is fundamentally
linked with these properties: finiteness and semisimplicity. There are two instances
where these relations are apparent. The first is cohomological. Let H be a Hopf
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